In this paper, an off-line synthesis approach to robust constrained model predictive control is presented. Most of the computational burdens are reduced by computing off-line a sequence of state feedback control laws that corresponds to a sequence of polyhedral invariant sets. At each sampling time, the smallest polyhedral invariant set containing the currently measured state is determined and the corresponding state feedback control law is implemented to the process. The proposed algorithm is compared with an ellipsoidal off-line robust model predictive control algorithm. The results show that the proposed algorithm can achieve better control performance. Moreover, a significantly larger feasible region is obtained. The controller design is illustrated with an example of continuous stirred-tank reactor.
INTRODUCTION
Model predictive control (MPC) is an effective control algorithm widely used in the chemical processes. At each sampling time, MPC uses an explicit process model to solve an open-loop optimization problem. Although an optimal control profile is calculated, only the first computed input is implemented to the process. One of the main drawbacks of MPC is the difficulty to deal with model uncertainty. For this reason, synthesis approaches for robust constrained model predictive control have been widely investigated.
Pioneer work in the design of robust MPC by using Linear Matrix Inequalities (LMI) was introduced by Kothare et al., 1996 . The algorithm allows an explicit incorporation of model uncertainty in the problem formulation. The goal is to design the state feedback control law, which minimizes the upper bound on the worst-case performance cost. The optimization problem at each time step is formulated as the convex optimization problem involving linear matrix inequalities (LMI). The algorithm is proved to guarantee robust stability. However, the algorithm requires high on-line computational time due to the fact that the optimization problem is really solved on-line at each sampling instant. Moreover, the size of optimization problem grows significantly with respect to the size of polytopic uncertain set.
In Brooms et al., 2001 , robust MPC for uncertain linear systems with ellipsoidal target sets was presented. The future states are predicted by using a sequence of ellipsoidal sets. The terminal set is restricted to lie in an ellipsoidal invariant set. The algorithm is proved to guarantee robust stability. However, the algorithm requires high on-line computational time due to the fact that the free control inputs { } The on-line robust MPC usually requires high computational demand. Thus, its ability is limited to relatively slow dynamic processes. In order to reduce on-line computational demand, some researchers have begun to study off-line robust MPC. An off-line formulation of robust MPC using linear matrix inequalities was presented by Wan and Kothare, 2003 . A sequence of control laws corresponding to a sequence of invariant ellipsoids is computed off-line. At each sampling time, the smallest ellipsoid containing the measured state is determined and the corresponding control law is implemented to the process. Although the algorithm substantially reduces on-line computational burden, the conservative result is obtained due to the fact that an invariant ellipsoid constructed is only the approximation of the true polyhedral invariant set. In Ding et al., 2007 , an ellipsoidal off-line robust MPC algorithm based on nominal performance cost was presented. The algorithm directly extends the algorithm of Wan and Kothare, 2003 by choosing the nominal performance cost to substitute the worst-case cost in order to improve the control performance. However, the feasible region is apparently smaller than that of the true polyhedral invariant set. Angeli et al., 2008 proposed an ellipsoidal off-line MPC scheme for uncertain polytopic systems. The ellipsoidal inner approximations of the exact controllable sets are computed off-line and a numerically low demanding optimization problem is solved on-line. Although most of the numerical burdens are move off-line, the feasible region is significantly smaller than the polyhedral counterpart. This is due to the fact that the controllable ellipsoidal sets constructed are only the approximations of the true controllable polyhedral sets.
From the preceding review, we can see that most of the offline robust MPC algorithms use an ellipsoidal approximation of the exact polyhedral invariant set. This leads to conservative results. Moreover, the feasible region is apparently smaller than that of the true polyhedral invariant set. In this paper, we present an off-line synthesis approach to robust constrained model predictive control using polyhedral invariant sets. A sequence of state feedback control laws that corresponds to a sequence of polyhedral invariant sets is computed off-line. Then the smallest polyhedral invariant set containing the currently measured state is determined on-line and the corresponding state feedback control law is implemented to the process.
The paper is organized as follows. In section 2, the problem description is presented. In section 3, the polyhedral off-line robust MPC algorithm is presented. In section 4, we present an example in chemical process to illustrate our algorithm. Finally, in section 5, we conclude the paper. 
PLOBLEM DESCRIPTION
The model considered here is the following linear time varying (LTV) system with polytopic uncertainty:
is the state of the plant and
is the control input. Moreover, we assume that
where Ω is the polytope, Co denotes convex hull,
is the uncertain parameter vector.
The aim of this research is to find a state-feedback control law
which stabilizes the system (2.1) and achieves the following nominal performance cost
In Ding et al., 2007 , min-max predictive control strategy based on nominal performance cost was presented. The goal is to find the state feedback gain K which minimizes the upper bound on the nominal performance cost (2.5). 
Proof. Proof details can be found in Ding et al., 2007. Although robust stability of the closed-loop system is guaranteed, the feasible region is significantly smaller than the true polyhedral invariant set. This is due to the fact that an invariant ellipsoid constructed to guarantee robust stability is only an approximation of the true polyhedral invariant set.
8th IFAC Symposium on Advanced Control of Chemical Processes
Furama Riverfront, Singapore, July 10-13, 2012
THE POLYHEDRAL OFF-LINE ROBUST MPC STRATEGY
In this section an off-line synthesis approach to robust constrained model predictive control using polyhedral invariant sets is presented. A sequence of state feedback control laws that corresponds to a sequence of polyhedral invariant sets is computed off-line. The approach to construct the polyhedral invariant set developed by Pluymers et al., 2005 is adopted here to construct a sequence of polyhedral invariant sets. At each sampling time, the smallest polyhedral invariant set containing the currently measured state is determined and the corresponding state feedback control law is implemented to the process. 
Off-line step 2: Given the state feedback gains
is constructed by following these steps: states N ), the control performance is improved due to the fact that we have more freedom to adopt varying feedback gains based on the distance between the state and the origin. Remark 3.2 Although the construction of polyhedral invariant sets is more computationally demanding than the construction of ellipsoidal invariant sets, this is done off-line and thus the on-line computation is tractable.
An overall algorithm is proved to guarantee robust stability in Theorem 3.1. Proof. The satisfaction of (3.3) for the state feedback gain
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is a strictly decreasing Lyapunov function and the closed-loop system is robustly stabilized by the state feedback gain i K .
By solving (3.6) and iteratively adding non-redundant constraints 
EXAMPLE
In this section, we present an example that illustrate the implementation of the proposed robust MPC algorithm. The numerical simulations have been performed in Intel Core i-5 (2.4GHz), 2 GB RAM, using SeDuMi (Sturm, 1999) and YALMIP (Löfberg, 2004) within Matlab R2008a environment. In this example, we will consider the application of our approach to an uncertain non-isothermal CSTR where the exothermic reaction B A ⎯→ ⎯ takes place. The reaction is irreversible and the rate of reaction is first order with respect to component A . A cooling coil is used to remove heat that is released in the exothermic reaction. The reaction rate constant o k and the heat of reaction rxn H Δ are considered to be the uncertain parameters. The linearized model based on the component balance and the energy balance is given as follows (For more details, the reader is referred to Wan and Kothare, 2003) . By discretization (4.1) using a sampling time of 0.15 min, the discrete-time model is given as follows and Kothare, 2003 . It is seen that the feasible region of the proposed algorithm is significantly larger than that of Wan and Kothare, 2003 . This is due to the fact that the invariant ellipsoids constructed by the algorithm of Wan and Kothare, 2003 are only the approximations of the true polyhedral invariant sets. . It is seen that the proposed algorithm can achieve less conservative result as compared to the algorithm of Wan and Kothare, 2003 . This is due to the fact that for each polyhedral invariant set, the feasible region is larger than that of the ellipsoidal approximation. Thus, larger feasible region is allowed to operate with high feedback gain. Moreover, the proposed algorithm is derived by minimizing the normal performance cost. Thus, the effect of model uncertainty is not overestimated as compared with the algorithm of Wan and Kothare, 2003 that is derived by minimizing the worst-case performance cost. 
CONCLUSIONS
In this paper, we have presented an off-line synthesis approach to robust constrained model predictive control using polyhedral invariant sets. A sequence of state feedback control laws that corresponds to a sequence of polyhedral invariant sets is computed off-line. Then the smallest polyhedral invariant set containing the currently measured state is determined on-line and the corresponding state feedback control law is implemented to the process. An overall algorithm is proved to guarantee robust stability. The controller design is illustrated with an example of continuous stirred-tank reactor.
